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EVERY CONTRACTIBLE FAN IS LOCALLY
CONNECTED AT ITS VERTEX
BY
LEX G. OVERSTEEGEN!

ABSTRACT. We prove that each contractible fan is locally connected at its vertex. It
follows that every contractible fan is embeddable in the plane. This gives a solution
to a problem raised by J. J. Charatonik and C. A. Eberhart.

1. Introduction. It is an open question to characterize those fans which are
embeddable in the plane (for an example of a fan which is not embeddable in the
plane, see [2]). In another paper [10), the author has shown that every fan, which is
locally connected at the vertex, can be embedded in the plane. The main purpose
of this paper is to show that each contractible fan is locally connected at its vertex.
Hence, combining the results above, it follows that every contractible fan is
embeddable in the plane. This gives a solution to a problem raised by J. J.
Charatonik and C. A. Eberhart [3, Problem 788].

The concept of contractibility is well known in general topology. However, even
for very simple spaces, it is often quite difficult to prove that a space is noncon-
tractible. In particular, for a rather limited class of spaces, namely dendroids, no
internal characterization of contractibility is known.

The results of this paper will be used in a forthcoming paper [12], to give an
internal characterization of contractibility for fans, and to give a solution to a
problem raised by D. P. Bellamy and J. J. Charatonik in [1].

The main result of this paper is the proof that each contractible fan is locally
connected at its vertex. The proof of this fact is quite complicated. The main steps
of the proof are outlined in Example 2.3 and Remark 2.4.

2. Definitions and preliminaries. By a continuum we mean a compact connected
metric space. A dendroid is a hereditarily unicoherent and arcwise connected
continuum. By a fan we understand a dendroid which has exactly one branchpoint,
and we call this point the vertex of the fan X. If x, y are points in a dendroid X,
then we denote by [x, y] the unique arc in X having x and y as endpoints. The
weak-cut order < , with respect to a point p in a dendroid X, is given by x < y if
and only if [p, x] C [p,y]- A space X is contractible provided there exists a
continuous transformation H: X X I — X such that H(x, 0) = x for each x € X
and H(X X {1})is one point.
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A dendroid X is of type N (cf. [9)) if there exists an arc 4 C X with endpoints p
and g, two sequences of arcs 4, C X and B C X (i = 1, 2, .. .) with endpoints p,,
p! and g, g/ respectively; and points g/ € A\{p,, p/} and p € B\{g;, ¢/} such
that the following conditions are satisfied: (1) A = Lim 4; = Lim B,, (2) p = lim p;
= lim p; = lim p/’, (3) ¢ = lim g; = lim g/ = lim g/". The following theorem was
proved in [9, Corollary 2.2].

2.1. THEOREM. If X is a dendroid of type N, then X is noncontractible.

A fan X has property P (cf. [10]) provided for each sequence {v;} in X converging
to the vertex v of X we have Ls[v, v,] = {v}. We will use the following result which
was proved in [10, Theorem 3.1].

2.2. THEOREM. Let X be a fan with vertex v, then the following are equivalent.
(i) X has property P.
(ii) X is locally connected at v.

If p and ¢ are points in the plane, we denote by pg the straight line closed
segment with endpoints p and gq.

2.3. EXaMPLE. Let v = (0, 1), a = (0, 0), a(i, 1) = (1/i, 0), a(i, 2) = (—1/i, 0)
and v, = (—1/i, 1). Denote by S, the semicircle S; = {(x, y)|x*> + y2=1/i%, y <
0}, joining the points a(i, 1) and a(i, 2) fori = 1, 2, .. .. Then

-]
X=avu U (va(i, 1) U S, U va(i, 2))
im=1
is a noncontractible fan.

PROOF. Observe that X is a fan of type N and hence, by Theorem 2.1, X is
noncontractible. Since in general it is not true that there exists a sequence {v;} - v
such that Ls[v, v;] = K # {v}, where K is an arc, we will show in different manner
that X is noncontractible. The proof in the following pages follows the same main
steps (see also Remark 2.4).

Suppose X is contractible and let H: X X I - X be a contraction. Let z =
(0,1/2) € X and let § > 0 be such that d(H(x, t), H(x', ")) < 1/4 if
d(x, 1), (x’, 1)) < 38. Let {x;}}., be a sequence in K\B(v, §) such that x, =
Bd(B(v,8)) N [a, v}, x; <x; ., (i=1,...,n—1), x,=a, x, =z and d(x;, x;,,)
<8/4(i=1,...,n—1).Put

a= min{ 1/4,1/5, min d(x, xj)} /3.

Let U; = B(x;, a/2) and let K(i, 0) denote the component of [v, v,]\B(v, a/2)
containing a(i, 1). Observe that, fori > N > 0, K(i, 0) N U; consists of exactly two
components. In each component of U; N K(i, 0), 1 <j <n, choose one point
x(i, 0, j, w), w € {1, 2}, such that x(i,0,/, 1) > x(i, 0, ), 2). Put x(i,0,n, 1) =
a(i, 2), x(i, 0, n, 2) = a(i, 1), z(i, 1) = x(i, 0, ¢, 2) and z(i, 2) = x(i, 0, c, 1).

Since H({v} X I) is a locally connected continuum, there exists i, > N such that
2(ig, 1) € H({v} X I) and d(a(iy 1), a(ip, 2)) < 8/2. Moreover we may assume
that H(X X {1}) # z(ip, 1). From here on we will take i = i, and omit the
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subscript i;. Let C be the component of H ~'(z(1)) in [0, a(1)] X I containing the
point (z(1), 0). Then

Cn{o}xNHu(X x{1}]=2a.

It follows (see §6, Claim 6) that C N ({a(1)} X I) # &. Put y; = x(0, j, 2) and
p; = x(0,, 1); hence y, = z(1) and y, = a(1). There exists (cf. Lemma 4.1 and
Corollary 4.2) a function F, a number r and a sequence {#,} in I such that

MF:(1,2,...,r}>{1,2,...,n},

(@) (Vray 1) = (2(1), 0) and yg,y = a(1), hence F(1) = ¢ and F(r) = n,

B d(Yray &), C)<8/3,k=1,...,r,

@ d(Yruy 1) D rge+1y tes)) < 8/3.

Let W be the component of [v, v;] N B(z, 1/4) in X, containing the point 2(2).
By “copying” the sequence {(¥pu) %)} in [a(2), v, ), i.e. by considering the se-
quence {(Pruy %)}, it follows easily by induction (see also Lemma 5.6) that
H(pryy t,) = H(a), 1) € W.

Hence diam(H([a(1), a(2)] X {¢,})) >1/3. But diam([a(1), a(2)] X ¢,) <& and
hence diam(H([a(1), a(2)] X t,)) < 1/4. This contradiction completes the proof.

2.4. ReMARK. The proof that each contractible fan is locally connected at its
vertex, or, equivalently, has property P, follows the same main steps as the proof
above. The difference is that the continuum K = Ls[v, v;] # {v} may be a (nonde-
generate) locally connected fan. In this case the “copying procedure”, outlined
above, becomes much more involved. In §6, (8)-(10), a sequence {x;}7., is
constructed similar to the one above. This sequence, using Lemmas 5.1-5.5,
provides a labeling of points on the arcs [v, v;]. Using Lemma 4.1 and Corollary 4.2
we construct a function F satisfying properties like (1)-(4) above. In §3 we
investigate under which conditions a “copying procedure” is possible. In §6, Claims
2-4 and 7-8, we verify that these conditions hold and, using Lemma 5.6, arrive at
the same contradiction as above.

The following combinatorial lemma seems related to the concept of uniformiza-
tion of functions (see [8]), which was introduced to study some properties of the
pseudoarc.

3. A combinatorial lemma. The following lemma (see Lemma 3.1) is used in the
proof of Theorem 6.1, where we prove that every contractible fan is locally
connected at its vertex. Since this is the only use of this lemma, we did not try to
give it the strongest possible formulation. On the contrary, we chose to formulate it
in such a way that the conditions can be easily checked later and that its proof is
almost trivial, although still rather messy. We start with some notation needed in
Lemma 3.1.

In this section we will denote by N the set of natural numbers with ordering < .
All functions will be functions of subsegments of N into N. If f: [a,b] > N is a
function, then we say that x € [a, b] is a local maximum provided that if |x — y| <
1 and y € [a, b], then f(y) < f(x).

Let f: [1, p] > N and g: [1, g] - N be two functions. Then we say that f and g
are uniform of order n provided the following two conditions are satisfied.
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(1) For each number ¢, 0 < ¢ < n, there exists a number k(#) > 0 and a sequence
t=ay>a > - - >a, = 0such that

@ifi-Lie[Lpl(G—-Lj€l,qh)and fi — 1) <f()=1(g( -1 <g()
= 1), then f(i — s) = a, (g(j — s) = a,) for each s € [0, k(D)],

ifi+lL,ie[l,p)+1L,jE[L,gDandfG+D)<f())=t(gU+ 1) <g()
= 1), then f(i + s) = a, (g(j + s) = a,, respectively) for s € [0, k()].

(2) For each i € [1, p] (j €[], q]) such that f(i) > 0 (g(j) > 0) at least one of
the following two statements is true.

@i+1€[lLpl+1€[l,gDand fi + 1) <f()(g(U + 1) <g(L))

() i—1€[lLp] G—1€[l,q) and fi — 1) <f() (gU — 1) <g()), respec-
tively).

We will say that the sequence {a,} (s =0, 1,..., k() is associated with the
number t.

Let f: [1,r] > N be a function, n = max{f(k)|k €[, r]}, t, = max{ f(k)|k €
[1, 7] and f(k) < n} and k, = max{k € [1, r]| (k) = t,}. If (r) <n and ko #*r,
then we define a sequence {(,, k,)} by induction. Suppose ¢,_, and k,_, have been
defined and k,_, #r. Let ¢, = max{f(k)|k,_, <k <r} and k, = max{k €
[1, 7]l f(k) = t,}. The sequence {(1, k,)} (v =0, 1,...,y, f(r) = t,) will be called
the local maxima sequence of f. Notice that if f(r) = n or if k, = r, then the local
maxima sequence of f reduces to a single pair {(¢,, k)}.

Let f: [1,r]—> N and g: [1, g] > N be two functions such that max{ f(k)|k €
[1,p]) = max{ g()lj €L, q]} = n.

Let s be a point of [1, q] such that g(s) = f(r). Then we say that f and g are
symmetric with respect to the points r and s provided that if {(z, k)} (v =
0, 1, ..., y)is the local maxima sequence of fand if we put#_, = n,k_, = 1, then

(3) for each v € [—1, v], there exists j, € [1, q], where we take j_, = 1, such that

(@) 8U,) = 1, and g(j) < 1, for every j € (J, s),

(i) for each k € (k,, r) there exists j* €1, gq] such that f(k) = g(j*) and
gU) < 1, for every j € (j*, 5),

(iii) for each j € (j,, s) there exists k € [k,, r] such that f(k) = g()).

3.1. LEMMA. Let P = [1,p]l and Q = [1, q], and f and g be functions of P and Q
into N, respectively. Let R = [1, r), F: R — P a function, s a point of Q and n € N
such that

@DM=gM)=nf()<n-1ifie,p)gl)<n-1lifje(, q,f(p)<n
and g(q) < n.

GYF)=1,fo F(k)<n—1ifk €(1,r)and f o F(r) = g(s).

©)|F(k +1)— Fk)| < lifke[l,r—1]

(7) f and g are uniform of order n.

®) If i, <iy, i),i € P (Jy <Jap J1»J» € Q) and there exists i € (i}, i) (j €
Uy J2)) such that f(i)y =0 (g(j) =0), then for each natural number t <
min{ f(ir), (i)} (¢t < min g(), 807,))) there exists iy € (iy, iy) Us € Uip,J»)) with
J(iy) = t (8(Js) = t, respectively).

(9) f o F and g are symmetric with respect to the points r and s.

Then there exists a finite set L = [1, I] and functions G and H of L into R and Q,
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respectively, such that

(10) GA)=H() =1, GUl)=r, HIl)=s and fo Fo G(m) = g o H(m) for
everym € L.

(A1) |G(m + 1) — G(m)| < 1 and |H(m + 1) — H(m)| < 1 for every m € [1,1 —
1].

PrOOF. See Figures 1-3. The proof will be by induction over n. Although the
lemma is stated for functions f, g and F of segments of positive integers starting
with 1, we will, when using the induction step, consider functions of any segment of
positive integers into N. We will only in Step 2, Case 1, indicate how one could
(reversely if necessary) relabel the sets P,, O, and R, such that one obtains
functions of segments of positive integers starting with 1. We will for each segment
indicate which endpoint is considered to be the first element (i.e. corresponds to 1
after relabeling).

If n = 0, the lemma is trivial. Assume the lemma is true for functions f, g and F,
and natural numbers k, k < n — 1, satisfying (4)—(9), where n is replaced by k. Let
P,Q, R, f, g Fand s be as in Lemma 3.1 and let (¢, k) be the first element of the
local maxima sequence of f o F.

If g(j) > 1, for some j € (1, g), then it follows from the definition of ¢, (3)(iii),
where v = -1, and (4) that j >s — 1. Let § = min{j € Q|g()) > ¢} and g =
gl[1, 4); then the functions f, g, F and the number s € Q = [1, 4] satisfy (4)—(9).
For convenience we will assume that § = ¢ and § = g. Similarly we may assume
that f(i) < ¢, for each i € (1, p).

Let x, <x, <+ <x,2,<2,< - <zand y, <y, < - -+ <y, =j, be
all values of R, P and [1, jo] C Q, where j, is defined in (3), such that

feo F(x) = f(zg) = g(y) = 1, (1<i<a,1<d<bandl<j<c)

Notice that @, b > 1 by the definition of the local maxima sequence of f o F and
c>1by(9).Putxy=zy=y,=2,x,,,=r,

z = D, lff(p) < tO’
b1 p — 1, otherwise,

and

q, if g(j) <ty for eachj € (ji, ‘I) and g(q) <ty
Yer1 =149 — 1, if g(j) <t,foreach; € (jo, g) and g(q) > 1,
min{j > jo| g(j) = 1o}, otherwise.

If R, is any subsegment of R, then we denote by F,, F|R, (f, and g, are defined
similarly). Since by (4) (the proof is trivial if p = 2), f(2) < f(1) and g(2) < g(1), it
follows from (7) that f(2) = g(2). We consider three cases as follows.

Case 1. f(2) = g(2) # t,. Put iy = 1.

Case 2. f(2) = g(2) = t,, and there exists i, such that i; = min{i €
[1, a]|f > F(x;) = ty and F(x;) # 2} — 1.

Case 3. f(2) = g(2) = t,, and F(x;) = 2 for each i €[1, a]. Let n = max{F(k)|k
€ R}, i, = min{k € R|F(k) = 7} and i, = max{i € [1, i|]| F(x;) = 2}.



384 L. G. OVERSTEEGEN

We will construct the set L and the functions G and H in six steps.
Step 1. Cases 1-3. Put L, = {1}, Gy(1) = 1 = H(1).

o o o
/Y T/‘ f T
\ T
Pp={1,2,.c0.... 42 g ee e 22,23, ........... ,F(xa), F(r), P}
R= {1, 2 ieeennnneeeeerRoigeoeorRypeoaaoanoooonneerX seciienncnns ,r-1,r}

Q= 12 e ceeeans 1Yqreeeeees 1Yogre o iYgreeeos 'S, Yor1’
n t t t t
(o] o g [o] o
Case l;i0=l. N
FIGURE 1

Step 2. Case 1. See Figures 1 and 2. Let P, = [2, 2,], O, =[2,»1) R, =[2, x|]
and s, = 2. We will reversely relabel the sets P, Q, and R,. Let p, = z, — 1,
¢, =y, — 1 and r; = x, — 1. Define functions h,: P, —» P} =[1, p\], h,: O, > O}
=[l,q,) and hy;: R, > R} =[L,r]by () =2z, +1—i, h(j)=y,+ 1 —j and
hy(k) = x, + 1 — k. In this case we will say that z,, y, and r, are the first elements
of P,, Q, and R,, respectively.

We claim that the functions f* = f, o h!, g* = g, ° h; ', of P} and Q} into N
respectively and the function F* = h, o F, o h; ': R} — P} satisfy all conditions of
Lemma 3.1, where s* = h,(s,) = hy(2) = q,.

@, f*() = f o b7'(1) = f(z)) = t, < n — 1. Similarly, g*(1) = #, and by the
definition of z,, y, and ¢y, f*(i), g*(J) < t, — 1,if i € (1, p)) andj € (1, q,).

(5), F*(1) = hy o Fy e hy'(1) = h; o Fy(x;) = hy(z)) =1 and f* o F*(r) =
fi o Fy o b\ (r) = £2) = £(2) = g*(s*). By the definition of f*, F*, z, and (4),
we have f* o F*(k) < t, — lif k € (1, r)).
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/N

1
/ h
P, ={2,..... 1z} ! > {1,000 12,-1} = P}
A T
*
Fl F
h
3
R, = {2,..... ,xl} > (l,.......,xl-l} = Ri
1‘ A
*
Gl G
L, = (2,..... )2341) P, L%} = L*
*
Hl H
v h2 v
Ql {2,..... ,yl) > {l,cc0e... ,y1-1}= Qi
\ /g*
Step 2, Case 1. N

FIGURE 2

(6), follows from (6) and the definition of F*.

(1), By (7), the definitions of f*, g*, z, and y, we have that f* and g* are uniform
of order ¢,

(8), follows from (8) and the definitions of f* and g*.

9),. Let {(, k})}, v € [0, v,], be the local maxima sequence of f* ° F* and put
t_, = ty, k", = 1. Since f(2) = g(2) < f(1) = g(1) = n, there exists, by (7), a num-
ber k(n) > 0 and a sequence n = a, > a, > + + + > Gy, = 0 such that

(12) f(1 + u) = a, = g(1 + u) for u € [0, k(n)].

Hence by the definition of f* and g* we have

(13) f*(zy — ) = a, = g*(y, — u) for u € [1, k(n)].
Choose v € [—1, v,]. We consider three cases as follows.

Case a. 0 < v <y,. Then &, > f* o F*(r;) = f(2) = g(2). In particular, by the
definition of #, #, > £, > £, > g(2). Hence by (12), there exists j' € (1, y,) such that
g(j") = 0. Since g(1) = n, g(y,) = f, and ¢, < min{n, t,}, it follows from (8) that
there exist j € (1, y,) such that g(j) = t,, or equivalently, there exists j € QFf such
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that g*(j) = £. Letj, = max{j € Q}|g*(j) = #}. Thenj, < ¢, — k(n) + 1 by the
definition of ¢ and (13). We will verify (3) of the definition of symmetry.

(@) g*(j,) = £, by definition. Let j € (J,, s*) = (,» ¢1) and suppose g*(j) > ¢,
Then g*(j) > ¢, by the definition of j,. Hence it follows as above from (8), that
there exists j’ € (j,, ;) such that g*(j") = ¢,, contrary to the definition of j,.

(ii) Let k € (k,, r,). By definition of k), we have t= f*o F*k) <t, =
min{n, ¢;}. If F*(k) = p, — u for some u € [0, k(n) — 1], put j* =q, — u. If
F*(k) # p, — u for each u € [0, k(n) — 1], then it follows as above from (8), that
there exists j € [j,, ¢;] such that g*(j) = t. Let j* = max{j € Qf|g*()) = t}.
Then g*(j*) = t and g*(j) < ¢, for eachj € (j*, q,) = (J*, s*).

(iii) Let j € (J,, s*) = (,» 4,)- Then by (i), t = g*(j) < ¢,. It follows as above,
reversing the roles of f and g, that there exists i € [F*(k.), p,] such that f*(i) = ¢.
Hence by (6),, there exists k € [k,, r,] such that F*(k) = i and whence f* o F*(k)
={.

Caseb.v = —1. Thent_, = tyand k”_, = 1 = j_,. We will verify (3).

() 8*U,) = g*(1) = toand by (4),, 8*()) <t ifj € (1, q)) = (-, 5%).

p = {l,zl, ........... I YSEEERREPRE 123, ’ (xa), ,F(r), P}

A A ~\\ LIS

~\~ \‘
‘§\§\ \\

R={1,x, ..... TR reea Xy g qrecececeens ,...,rlr}

Il / o \'\’\\
L={1'l """ 101 -t 1+cl <ok c+a-1""/ c+a+1

J \b l/
Q = (lllly Feoeone IIZI --------- rIc_zl ----- ,Yc 1:\[ ’ 1S, g

n to to to

Cases 2 and 3. N

FIGURE 3
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(ii) Let k € (1, r;), then by (5),, f* o F*(k) < ¢, Since there exists j* € (1, y,)
(compare the proof of (4),) such that g(;') = 0, we have by (8) that there exists
J” €[2, y,] such that g(j”) = f* o F*(k), or, equivalently, there exists j* € [1, ¢,]
such that g*(j*) = f* o F*(k). By (4), we have g*(j) < ¢, if j € (j*, s*).

(iii) Let j € (1, s*) = (1, q,). Then g*(j) < ¢, and it follows as above from (8),
and (6), that there exists k € [1, r,] such that f* o F*(k) = g*()).

Case c. v = v,. Then f* o F*(r)) = t, = f*(p,) and ¢, = r,. Put j, = q, = s*%;
then (i)—(iii) are automatically satisfied.

Hence in all cases, (i)—(iii) hold and we conclude that f* - F* and g* are
symmetric with respect to the points , and s*.

It follows from the induction hypothesis that there exists a set L* = [1, /*] and
functions G* and H* of L* into R} and Qf, respectively, satisfying (10),—(11),. Let
I, = I* + 1 and define h,: L* —» L, = [1, [,] by hy(m) = I* + 2 — m. Define func-
tions G;: L,—>R, and H;: L,—>Q, by G,=h;'oGtoh;! and H, =
hy'e H¥ o h', respectively. Then G,(2) =2 = H,(2), G,(l) = x,, H,(I) =y,
and (10)—(11) are satisfied on L,.

Cases 2 and 3. If iy > 1, then we define for each a €[1, i, — 1] a set L, and
functions G, and H, of L, into R and Q as follows. Let P, = [z}, z,], R, =
[%4 X4 +1] and @, = [y}, ¥,]. One could relabel the sets P,, O, and R, such that z,,
», and x, correspond to 1 after relabeling.

It follows that the functions f,, g, and F, satisfy (4),—(9),, where z,, y, and x,
are the first elements of P,, Q, and R, respectively and s, = 2. Hence there exists a
set L, =[l,_,, L] (,,_; <l) and functions G, and H, of L, into R, and Q,
respectively, satisfying (10),—(11),. In particular, G (I,_,) = x,, G, (L) = X,,,, and
H(l,_) =y, = Hl,).

Define L, = {/, } (};, = /, -, + 1) and functions G; and H, of L, into R and Q
respectively, by G, (/) = x; and H, (,) = y,.

Step 3. Case 1. Let P, = [z¢, 2}, Qo = [Vaip Ya+1-ip Ra =[Xp x,] and R} =
[4 — x,, x,]. Define a function ®,: R} — R, by

o.(k) = k, if2<k<x,
alk) = 4—k, ifd—x, <k<2

and a function F*: R* > P, by Ff =F,°®, (a=iy+1,...,ip+ c— 1) and
consider two cases as follows.

Case a.y,_; + 1=y, ;. Let IL,=1_,+1,L, ={l_, L)} and define func-
tions G, and H, of L, into R and Q, respectively, by G,(/,) = G, (I,-) = x,,
H(l,~) = Yai, and H,(I,) = Ya_iy+1-

Case b. y,_; + 1 <y,_; ,1- Then the functions f,, g, and F3 satisfy (4),~(9).,
where 2, y,_; and 4 — x, are the first elements of P,, @, and R} respectively and
Sy = Yqs1-i; It follows that there exists a set L, and functions G, and H, of L,
into R* and Q,, respectively, where L, = [I,_,, 1] ([,_, <l,), satisfying (10),—
(11),. Define a function G,: L, — R, by G, = ®, ° G¥; then the functions G, and
H, satisfy (10),—(11),. In particular, G,(/,_,) = x; = Gy(L,), H,(I,_\) = Yo, and
Ha(la) = ya+l—i°'
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Cases 2 and 3. Let P, = [z}, 2}, O, = [Vacip Vas1-ip Ra =[xy X;41] and
R} =[x, 2%, 41 — X;, — 2]. Define a function ®,: R} — R, by

k, ifxio<k<x-+|—l,

— o

(k) = {2;:,.9+l —2—k ifx,—1<k<2x,-X—2

and a function F*: R* > R, by F =F,°®, (a=iy+1,...,i5+ c — 1). Con-
sider the following two cases.

Casea.y, ; + 1=y, ;. Putl,=10_,+1, L, ={l_, 1} and define func-
tions G, and H, of L, into R, and Q,, respectively, by G,(/,_,) = G,(/,) = x;,
Ha(’a—l) = ya—io and Ha(la) = ya-io+l'

Case b. y,_;, + 1 <y,_; +- Then the functions f,, g, and F} satisfy conditions
4),—(9),, where z,, y,_, and x, are the first elements of P,, Q, and R} respec-
tively, and s, = y, -, Hence there exists a set L, =[l,_,, L), {,_, </, and
functions G* and H, of L, into R} and Q,, respectively, satisfying (10),—(11),,.
Define a function G,: L, - R, by G, = ®, o G*. Then the functions G, and H,
satisfy (10),-(11),. In particular, G,(l,_,) = Gy(l) = Xy H,(l,~)) = Y,_,, and
Ha(la) = ya+l—io'

Step 4. We will, in Step 4, consider three subcases of Cases 1, 2 and 3.

Casea.y._; <y.— l.LetR, =[x,_,, Xa—c+1)b Zia) = F(x,_0),

_ zi(a)—l’ i.f F(x) < zi(ﬂ) fOl' some x € Ra’
Z‘Ka) - -
Zyay+1, Otherwise,

P, = [Ziay Ziland @, = [y.—p Y} (@=c +ip...,c +a—1).

If |24y — 2@l < 1, then by (6) and the definition of {x,} (i=1,2,...,4) and
Zjay We have x,_ +1=x,_... Put =/ _,+1, L,=[]_, 1] and define
functions G, and H, of L, into R and Q, respectively by G,(/,_) = x,_,,
Gull) = X,—s1 and H(l,_,) = y, = H().

If |24 — Zjwl > 1, then the functions f,, g, and F, satisfy conditions (4),—(9),,
where x,_,, Z, and y, are the first elements of R,, P, and Q, respectively and
s, = y.- Hence there exists a set L, = [I,_,, ], {,_, <,, and functions G, and H,
of L, into R, and Q, respectively, satisfying (10),—(11),. In particular, G,(/,_)) =
Xa—cr Ga(la) = Xg—c+1 and Ha(lu—l) = Ha(’a) =V

Case b. y,_, = y. — 1 and there exists k € [x;, r] such that f o F(k) # g(j) for
each j €[y, 5.4+, Define R, and P, as above. Put s,=y._, and Q, =
[¥.—2 ¥.—1]- It follows as above that there exists a set L, = [[,_,, /), [,_, </,, and
functions G, and H, of L, into R, and Q,, respectively satisfying (10),—(11), and
such that G,([,_,) = x,_., G,(I) = X, _.4,and H,(I,_)) = y. = H,(},).

Case c. y,_, =y, — 1 and if k € [x;, r], then f° F(k) = g()) for some j €
[V.> Ye+1) Define R, P,, f,, F, as above. Let s, =y, Q, = [V, Y41 It follows as
above that there exists a set L, and functions G, and H, of L, into R and Q
respectively satisfying (10),—(11),.

Step 5. Cases 1,2and 3. If r — x, < L,putl, = [,_, + 1, L, = {/,}, and define
functions G, and H, of L, into R and Q by G,(/,) = G,_,(/,-,) and H () =
H,_\(I,_,), respectively. If r — x, > 1,1et R, = [x,, r — 1], F(x,) = z;)
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7 = { Ziay+1s I F(r) > Zi(a)
@ Ziay—1> i F(r) < zyq)

and

y* = {yc-f-l’ ifs >yc9
¢ Yoy ifs <y.

Then the functions f,, g, and F, satisfy (4),—(9), (in this case (9), follows from (9)),
where x,, y. and z,,, are the first elements of R,, @, and P, (a = ¢ + a).

Hence in both cases, there exists a set L, and functions G, and H, of L, into R,
and Q, satisfying (10),—(11),.

Step 6. Cases 1,2 and 3. Put [, = [, _, + 1, L, = {l,}. Define functions G, and
H, of L, into R and Q by G,(I,) = r and H,(I,) = s, respectively (a = ¢ + a + 1).

Let L=Ly,uL,uU---UL.,,, Define functions G: L—»>R and H: L - Q
by G(m) = G,(m) and H(m) = H,(m), respectively, if m € L,. It follows from the
definitions of G and H that G and H satisfy conditions (10)—(11) and the proof is
complete.

4. Tracing continua in the unit square. Let C be a subcontinuum of 72 and
{(x,0)} (i =1,2,...,n)asequence of points in /%, where 0 = x;, <x, < - - - <
x, = 1. If (a, t) and (b, t*) are two points of C and n > 0, then we say that (a, ?)
and (b, t*) can be joined by a finite chain, provided there exists a finite sequence
Cy, Cy, . .., C, of subcontinua of C such that the following three conditions are
satisfied.

(1 (a,H) € Cyand (b, t*) € C,.

(2) For each j, 1 < j < p, there exists an i € [1, n — 1] such that C; C [x;, x;44]
X I.

(3) For each j, 1 < j < p, there exists an s € [1, n] such that the following two
conditions are satisfied.

(l)q n [{xs} X I] * Q?&C},‘,l N [{xs} X I]a

(i) d(C; N [{x,} X I}, Ciyy N [{x,} X IT) <m, where d(-, -) denotes the regular
metric of 72

4.1. LeMMA. Let C be a continuum in 1%, n > 0,and {(x,0)} i=1,2,...,n)a
sequence of points in I* such that

@D0=x,<x,<---<x,=1,

GOCn{x}xI)#J.
Then every two points of C can be joined by a finite chain (relative to 7).

PRrOOF. Let (a, t*) € C N ({x,} X I). It is sufficient to show that each point of
C can be joined by a finite chain to the point (a, ¢*). Let

A = {(y,1) € C|(a, t*) and (y, ) can be joined by a finite chain relative to 1}.
Then A # . We will show that 4 is both open and closed in C.

Let {(», )} U = 1,2, ...) be a sequence of points in C converging to the point
(¥e to) € C. If y; € [x;, x;,) for some i €[], n — 1], then we denote by K; the
component of C N ([x;, x;4,] X I) containing the point (y;, £) and if y; = 1, then
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K, denotes the component of C N ([x,_;, x,] X I) containing the point (y;, £;)
(U=0,1,2,...) It follows [7, p. 171] that Ls X; is a subcontinuum of C and we
may assume that Ls K; C [x;, x;,,] X I for some i € [1, n — 1]. By (5) and the fact
that C is a continuum, there exists a sequence of points, {(z;, £*)}, (z;, ¢*) € K;
(U=12,...), such that z; € {x;, x;,,} G =1,2,...) and we may assume that
either z; = x, or z; = x;,, foreachj = 1,2,..., and that the sequence {(z;, £*)}
converges to the point (zy, #3) € Ls K. Let k > 0 such that d((z, #), (zo, £3)) <7
If C,, Cy, . . ., G, is a chain joining (a, r*) and (y;, {;), then we may assume

6)C,=K;ifj>0and C, D Ls K;if j = 0.

A is open. Suppose A is not open in C. Then there exists a sequence of points
{( 1)} in C converging to a point (yo, fg) such that (y, ) € C (j=1,2,...)
and (yo, %) € C. Let k and K; be defined as above, and let C,, C,, ..., C, be a
finite chain joining (a, #*) and (yg, Zp), where C, D Ls K;. Then C,, C,, . . ., G, K,
is a finite chain joining (a, t*) and (y,, #,) relative to 7, contrary to the assumption.

A is closed. Suppose {(y;, %)} is a sequence of points in 4 converging to the
point (yg, ). Let C,, C,, ..., C, be a finite chain joining (a, £*) and (y;, &),
where C, = K. Then C, C), ..., C,, Ls X, is a finite chain joining the points
(a, 1*) and (¥, 1o).

Hence A is both open and closed in C and the proof is complete.

4.2. COROLLARY. Let C, I, 0, {(x;,0)} (i = 1,2, ..., n), be as in Lemma 4.1 and
let (a, t¥) and (b, t3) be two points of C such that

DIx;— x4 <Mi=12,...,n—1,

(8) a = x, and b = x, for some c,d €[, n)].
Then there exist a finite set R = [1, r], a function F: R —[1, n], and a sequence {1},
k=12,...,r, such that

O F()=c,t, =1}, F(r) = d, 1, = t3 and (xgyuy ) € C for each k € [1, 1],

(10) |F(k + 1) — F(k)| < 1, foreach k € [1,r — 1],

(11) for each k €[1,r — 1] at least one of the following two conditions are
satisfied.

(@) F(k) = F(k + 1) and |t, — t4y| <,

(ii) there exists a subcontinuum C, of C such that d(C,, (xgyy 1)) < for each
t €[4 t)

PrOOF. By Lemma 4.1 there exists a finite chain joining the points (a, ¢{) and
(b, 1¥) relative to n. By (3), there exist for each j €[1,p) a pair of points
(x1y %) € C; and (xg;, 1)) € G, such that |u; — v| <7. Letr =2p, R =1, 1],
and define a function F: R —[1, n] and a sequence {#,} (k =1,2,...,r) by

c, ifk=1,
F(k) ={f(j), ifk=2,2j+1,1<<p—1,
d, ifk=2p,

and
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1}, ifk=1,
. w, ifk=2,1<j<p-1,
o ifk=21+11<j<p-1,
1, ifk =2p.

By (2), |F(k) — F(k + 1)] <1 for each k €[l,r — 1]. If k = 2j, then F(k) =
F(k + 1) and |t — 44| = |4; — y]| <m, and if F(k) # F(k + 1), then k = 2j + 1
for some j €[1,p — 1] and hence (xgxp &) (Xpx+1y t+1) € Ciyy and (11)(i)
follows from (2) and (7) and the proof is complete.

S. Four lemmas. The following lemmas are needed in the proof of Theorem 6.1.

5.1. LEMMA. Let X be a fan with vertex v, and z and y two points of X. Suppose
there exist two sequences of points { y(i, 1)} and {y(i,2)} (i = 1,2, ...), in X, both
converging to y such that

Dz<yandy(i,)<y(i,2)(i=1,2,...),

(@) Lim[y(i, 1), y(i, 2)] = [z, ¥},

() v € Ls{x € X|x > y(i, 2)}.

Then X is not contractible.

ProoF. We will show that X is of type N (see §2). We may assume that
v € Lim{x € X|x > y(i, 2)}. Choose sequences {z(i, 1)}, {z(i, 2)} and {z(i, 3)}
(i=12,...)such that

@) z = lim z(i, 1) = lim z(i, 2) = lim z(i, 3),

) z(,2) <y, 1)<z(G, 1) <y(i,2)<z(i,3)(=12,...).
Moreover we may assume (see [6, p. 5])

(6) Ls[z(i, 2), y(i, 1)] > z and Ls[y(i, 2), z(i, 3)] > =.
Furthermore we may assume that

Ls[z(i, 2),y(i, 1)] = Lim[ z(i, 2), y(i, 1)] =[2, 7]
and

Ls[ y(i, 2), 2(i, 3)] = Lim[ (i, 2), 2(3, 3)] =[2, 5]

for some r, s € X. We will consider the following two cases.

Case 1. r <s. Choose a sequence {r(i, 1)}, where r(i, 1) € [z(i, 2), y(i, 1)]
(i=12,...), and using [6, p. 5], a sequence {r(i, 2)}, where r(i, 2) € [2(i, 3),
y(i,2)] (@G =1,2,...)such that

(7 r = lim r(i, 1) = lim r(i, 2),

(® Ls[y(i,2), r(i, 2)] < r,
where we take a subsequence and relabel if necessary.

Let A, = [z(i, 2), z(i, 1)] and B, = [r(i, 1), r(i, 2)]. Then by (2), (4), (6) and (7),
Lim 4; = [z, r] and by (2), (4), (7) and (8), Lim B, = [z, r]. Hence X is of type N
between the points z and r.

Case 2. r > s. One can show, using a similar argument as above, that X is of type
N between the points z and s. The proof of this statement, being a replica of Case
1, is omitted.
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In both cases X is of type N and hence by Theorem 2.1, X is not contractible.
This completes the proof of Lemma 5.1.

5.2. REMARKS. It will follow from Theorem 6.1 that every contractible fan is
locally connected at its vertex. Hence the conditions in 5.3-5.5 are never fulfilled
(cf. Theorem 2.2).

5.3. LEMMA. Let X be a contractible fan, where H is a contraction of X, and {v;} a
sequence of points in X converging to the vertex v of X such that Ls[v, v,] = K #
{v}; then K = H({v} X L) for some subset I, of I.

PrOOF. Let H: X X I » X be the contraction of X and let t(i, 2) = inf{¢ €
I|H(v, t) = v}. Notice that (i, 2) exist for all except possibly one i since X is
contractible and hereditarily unicoherent. Let

1(i, 1) = sup{t €[ 0, 1(i, 2) ]| H(v;, 1) = v}

and I, = [¢(i, 1), t(i,2)]. Then H({v,} X I) =[v,v]. Hence K = Ls[v, v]=
Ls H({v;} X I) = H(Ls{v,} X I) = H({v} X Iy for some I, C I.

5.4. COROLLARY. Let X and K be defined as in Lemma 5.3. Then K is a dendrite.

ProOF. By Lemma 5.3, K = H({v} X Iy) C H({v} X I). Hence K, being a
subcontinuum of a hereditarily unicoherent locally connected continuum, is locally
connected.

Corollary 5.4 follows also from a stronger result, recently obtained by J. J.
Charatonik and Z. Grabowski (see [S, Lemma 15, p. 235]).

5.5. LEMMA. Let X be a contractible fan, a > 0, and {v,} a sequence of points in X
converging to the vertex v of X such that K = Lim[v, v;] * {v}. Suppose x is a point
of KN\B(v, 3a), and let U and V be neighborhoods of x and v respectively such that

(9 U c B(x, 3a) and U N K is connected,

(10) V C B(v, a).

Then there exists an index N > 0 such that if i > N, then for each component C of
[v, v]\V, at most two components of C N B(x, a) intersect U.

PROOF. Suppose there exists a sequence of subscripts iy <i, <i; < --- and
components C(i,) of [v, o, NV such that at least three components of C(i,) N
B(x, a) intersect U (n = 1,2, . ..). Choose a, < b, <c, in three different compo-
nents of C(i,) N B(x, a) such thata,, b,, ¢, € U(n=1,2,...). We may assume
that the sequences {a,}, {b,} and {c,} converge to a, b, and c,, respectively.
Suppose

X=U {J,=[0,1]foreachr € RandJ, N J, = {v}ifr, #r, € R},
reR
and x € J,. Let Ls[a,, b,] U Ls[b,, c,] = H. Then H is a subcontinuum of K N{v}.
Hence by (9), H C J,. We may assume that Lim([a,, b,] = [z, p] and Lim[b,, c,] =
[r, 5] for some z, p, r, s € J,, where z <p and r <s. Clearly either z or p (or both)
belong to K\ B(x, a) and we consider two cases as follows.
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Case 1. z € K\B(x, a). Let {2,}, z, €[a,, b,] (n =1,2,...), be a sequence of
points converging to z. Since z € J, \B(x, a) and [z, p] N U +# &, we have z <
inf{wlw € U n J, )} = y. Also, since ap, by € U N J,, we have a,, b, > y. Hence
we may assume that there exist sequences { y(n, 1)} and { y(n, 2)} such that

(1) y(n, 1) € [a,, 2,}, ¥(n, 2) € [z,, b,

(12) lim y(n, 1) = lim y(n, 2) = y,

(13) Ls[y(n, 1), z,] < y and Ls[y(n, 2), z,] < y,
where we take a subsequence and relabel if necessary. It follows that Lim[y(n, 1),
y(n, 2)] = [z, y], where z <y. Hence X is not contractible by Lemma 5.1, contrary
to the assumptions. ’

Case 2. z € B(x, a). Then p € J, \B(x, a). If r € K\B(x, a), then we conclude
as in Case 1, replacing a,, b,, z and p by b,, c,, r and s, respectively, that X is not
contractible. Hence we may assume that r € B(x, a) and s € I\ B(x, a).

Let g = inf{w|w € J, \B(x, a) and w > x}. By [6, p. 5], there exist sequences
{ g(n, 1)} and { g(n, 2)} such that both sequences converge to g and

(14) Ls[b,, g(n, 1)] < g, Ls[b,, g(n, 2)] < g.

We may assume that Lim| g(n, 1), g(n, 2)] = [m, g] for some m. Hence m < b < g
and by Lemma 5.1, X is not contractible.

Hence in both cases we conclude that X is not contractible, contrary to the
assumptions, and the proof is complete.

Let X be a fan with vertex v and let z, and z, be two points of X, where z, < z,,
and & > O such that

(15) [z}, z,]NB(z,, 3¢) # B, z, € B(z), €) and v & B(z,, 3¢).

Then we say that z, and z, are e-related.

Suppose z, and z, are e-related. Let

de sup{x € X|x > z,}, if {x € X|x > z,} Nn Bd(B(z,, 3¢)) = I,
inf{x € Bd(B(z,, 3¢))|x > z,}, otherwise,

and ¢ = sup{x € Bd(B(z,, 3¢))|x < z,}. Let W = {x € B(z,, ¢)|c < x < d}. Then
we say that W is the e-relative neighborhood of z, with respect to z,.

5.6. LEMMA. Let X be a contractible fan, where H: X X I — X is a contraction,
and ¢, 1 > 0. Suppose z, and z, are two points of X such that

(16) n is the uniform continuity measure of H for e,

(17) z, and z, are e-related.
Let C be a component of H ~\(z,), W the e-relative neighborhood of z, with respect to
zy, and F, G, functions of a finite set L = {1, 2, ...,1} into X such that

(18) d(F(j), GU) <n/2,j € (1,1},

(19) diam([G(j), GG + DD <n/2,j €[1,1- 1],

(20) there is a sequence {;} (j=1,2,...,1) in I such that (i) (F()), ;) EC,

JEILI],

and at least one of the following two conditions is satisfied for eachj € [1,1 — 1]

(i) FU) = FG + Dand |t; — 4| <n/2,

(il)) d(C, (FU), ) < 1/2for each t €[5, §,.],
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(21) H(G(1), 1)) e W.
Then H((G(I), 1,)) € W.

ProOF. The proof is by induction overj (j = 1,2,..., /). Forj = 1 the lemma
follows from (21). Hence it is sufficient to show that if H(G(j — 1), 4,_,) € W,
then H(G()), ;) € W. We will consider the following two cases corresponding to
(20)(ii) and (20)(iii) respectively.

Case 1. F(j — 1) = F(j) and |, — ¢,_,| <n/2. By (16), (18) and (20)(i), we have
H(G()), t}) € B(z), ¢). By (19) and (20)(ii) there exists a continuum P, C X X I
such that (G(j — 1), {,_,), (G()), ;) € P; and diam(P)) < . Hence it follows from
the definition of W and (16) that H(G()), ;) € W.

Case 2. We will first show that H(G(j — 1), 4,) € W. Let p;,p,,...,p, be a

“partition of [¢_,,#] such that p,=1¢_,, p,=¢ and |p,_; — pj| <n for each
i €2, a]. Since H(G( — 1), p,) € W, it is sufficient to show that if
H(G( — 1),p;_;) € W, then H(G(j — 1),p) €E W (i=2,...,a). By (16), (18)
and (20)(iii), H(G(j — 1), p;) € B(z,, €). Since |p, — p;_,| <, there exists a con-
tinuum Q; C X X I such that (G(j — 1), p;_,), (G( — 1), p,) € Q; and diam(Q))
<mn. Hence H(G(j—1),p) € W (i =1,2,...,a), in particular, H(G(j — 1), p,)
= H(G( - 1), ) E W.

By (18) and (20)(i), H(G()), ;) € B(z,, ¢), and by (19) and the above, H(G()), ;)
EW.

Hence H(G()), t;) € W for eachj = 1,2, ..., I In particular, H(G(/), 1) € W
and the proof is complete.

6. Contractible fans. In this section we establish some of the main results of this
paper. Theorem 6.1 will be used in the proof of Theorem 6.2 which gives a solution
to a problem raised in [3).

6.1. THEOREM. Let X be a contractible fan, and let v be the vertex of X; then X is
locally connected at v.

PROOF. Suppose, on the contrary, that H: X X I — X is a contraction of X, and
X is not locally connected at v. By Theorem 2.2, X does not have property P.
Hence there exists a sequence {v;} (i =1,2,...) in X converging to v such that
Ls[v, v;] = K # {v}. We may assume that

(1) Lim[v, v] = K # {v}.

Lets > 0 and let ¥ be a neighborhood of v such that B(v, s) C V.

CLAM 1. There exists a number » > 0 such that for each i = 1,2,..., at most
v-many components of [v, v;]\ B(v, 5) intersect X\ V.

ProOF OF CLAM 1. Let r > 0 such that B(v, s) C B(v, r) CB(v, r)C V, and let
p be the uniform continuity measure of H for r — s, such that p <s. Suppose
Claim 1 is false. Then there exists an index i, such that d(v, u,.o) < p, and if 2b is
the number of components of [v, v, ]NB(v, 5) intersecting X\V, then b > 1 /p.
Moreover we may assume that H(v,,?) = v for some ¢ € I. There exists a
sequence v; = Xx; > X, > -+ + > Xy, of points of [v, v, ] such that

@) xp;_; € B(v,s5)and x, € XNV (j=1,..., D).
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Let t,, = inf{¢ € I|H(v;, t) = v} and ¢t = sup{t € [0, t,,]|H(v,, ) = x;} ( =
,2,...,26—1).

Then #, <t, < - - - <t,, and since b > 1/p, there exists an index j such that
|t;41 — | < p. Hence

3) d(H(v,, 1), H(v,y 4,1) <7 — .

Since H(v,, ;) = x; and H(v,, t,,,) = X;,,, we have by (2), d(H(v,, t;), H(v;; 1))
> r — s, contrary to (3) and Claim 1 is proved.

A point a € K is called an endpoint (of K) provided a is an endpoint of every
arc contained in K. If K = [v, a] for some a € X, then it follows easily that X is of
type N between the points @ and v, and hence X is not contractible (cf. Theorem
2.1), contrary to the assumptions. Hence we may assume that K contains at least
two endpoints a and b different from v. Let ¢, = inf{z € I|H(v, t) = a} and
t, = inf{¢t € I|H(v, f) = b} and assume that ¢, < ¢, (notice that ¢, and ¢, exist by
Lemma 5.3). By Corollary 5.4, there exists a neighborhood U of v such that U N K
is connected and a and b belong to the interior of X\U. Let t* = sup{t €
[0, £,)|H(v, ) € U}. Choose a point z € [v, a] and a number &, > 0 such that

@) B(z, 5e) N [U U {a} U H({v} X [0, #*D] = &,

(5) B(z, 3¢;) N K C [v, al.

Let 7, be the uniform continuity measure of H for ¢, and let ¥ be a neighborhood
of v such that

(6) V c U n B(v,m,/9) and ¥ N K is connected.

Since KX is locally connected and V' N K is connected, it follows that K\ V has
finitely many components K, K, . . . , K. Let

(My,=inf{x € K;}ande, =sup{x €EK}(=1,...,7).

Choose a finite sequence of distinct points {x;} (i =1,2,...,m) in (K\NV) U
{v} such that

®) xo=1v, x. = z, x, = a and x, = b for some c, n, s €[1, m], and for each
J €1, 7], there exist p, ¢ € [1, m] such that x, = y; and x, = ¢;.

O If [x, x] N [UZ{x}Nx, x,}] =D for some p, g €[1, m], then
diam([x,, x,]) <7,/4.

(10) Let  =inf{t € I|H(v,t) =x} (=1,2,...,m); then 0=1¢ <y
<--e <t

Choose a number a > 0 such that

(11) a < jmin{e,, m,/5, min,_{d(x;, x)}},

(12) H{v} X [0, ,_D N B(x, 20) =BG =1,...,m).

Let U; be a neighborhood of x; (j = 1, ..., m) such that U; C B(x;, «/2) and
U; N K is connected. Let

(13) e, =5 min{a, min,_, ,{d(x, X\U)}} and let n, be the uniform con-
tinuity measure of H for ¢, and U, a neighborhood of v such that

(14) U, c B(v, m,/2) c B(v,m,) C V and U, N K is connected.

Since K is locally connected and U, N K is connected, we have that K\ U, has
at most finitely many components D,, D,, . . ., D,. Let

1 . 1 .
B=3 mm{ﬂz’ 3 g}l{d(Dv Dj)}}
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and n, > O such that

(15) v; € B(v, B), [v, v]] C B(K, B) and K C B([v, v}, B) for all i > n,. Hence
in particular, [v, v;] N U, # & # [v, v;] N U, fori > n,.

Let A and B be subsets of X, then we say that A < B provided x < y for each
x € A and each y € B. By Lemma 5.5, there exists an index n, > n, such that for
eia_tch component C of [v, v,]\ U, at most two components of C N B(x;, a) intersect
U (=12,...,m),and by Claim 1, there are at most finitely many components
of [v, y]\NU, that intersect X\ V. We will for convenience assume that n, = 1,
where we relabel if necessary.

Let K(i, 0) be the first component of [v, v;]\ U, that intersects 17,,, i.e. if C is any
component of [v, v;]\ U, such that C < K(i, 0), then C N 17,, =@(=12...)
Label all other components of [v, v;]NU,, K(i, h) (h = =1, *2,...) such that

< K@i, -2) < K@i, " 1) < K(i,0) < K(i, ) < K(i,2) < - -+ (i =
1,2,...). Let h, and h! be integers such that h, < h < k] for each component
K(i, h), where h; is maximal and A/ is minimal with respect to this property
=12...)

In each component C of K(i, h) N B(x;, a) that intersects L_Ij, choose one_point
x(i, h,j,w,e) € U; (j =1, ..., m) and choose one point x(i, h, 0, 0, €) € U, be-
tween K(i,h) and K(i,h+ 1) (h=h,...,h — 1), where w =0 if only one
component of K(i, h) N B(x;, a) intersects l7j, and x(i, h, j, 1, ) > x(i, h,j, 2, ¢€)
otherwise (j =1,...,m); e =1 for the point(s) chosen in K(i,0) N U, and e
represents the number of labeled points on [x(i, k, j, w, €), x(i, O, n, w’, 1)] other-
wise, where either w’ € {0, 1} and A > 0,orh =0and w = 1; or w € {0, 2} and
h<0,orh=0andw=2.

Let p, — 1 (¢; — 1) be the maximum of the numbers e such that there exists a
point x(i, h, j, w, €) with h < 0 (h > 0, respectively). Put x(i,,, — 1,0,0,p,) = v
and x(i, ;, 0, 0, g;) = v,. Notice that the quartets of numbers i, h, w, e and i, h, j, w
each uniquely determine a point x(i, A, j, w, e) in X.

CLAM 2. Let a;, = x(i, h, j, w, e) and b, = x(i, i', j’, W, €'). Suppose j* is a
natural number such that j* < min{/, '}, and A < h’. Then there exists a point
¢; = x(i, h*, j*, w*, e*) such that g, < ¢; < b;,.

PROOF OF CLAM 2. Suppose Claim 2 is false; then

(16) [a,, b] N U, = 2. 3
Since h < k', there exists a point v/ € U, such that q; <v; < b;. Recall that
H(v, t) = x;» and hence by (13) and (14), H(v, t;.) € B(x;s, &) C U.. Hence by
(16), there exists ' < #. such that either H(v], t') = a; or H(v], t') = b,. We may
assume that H(v], t') = g, € U; C B(x;, a/2), then

d(H(v, 1), x;) < d(H(v, t'), H(v}, ') + d(H(v}, t'), x;)
<&+ a/2<3a/2,

contrary to (12) since ¢’ < 4. < t,_,, and the proof of Claim 2 is complete.
CLAamM 3. We may assume that for each point x(i, h, j, w, ) with A < 0 and
e > 1, the following two conditions are satisfied.

i)Jj<n.
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(i) There exists a point x(i, ', j, w’, &) with & >0 or #’ =0 and w’ € {0, 1}
and such that for each point x(i, A", j”, w”, e”), where h” > 0 or h” = 0 and
w” € {0, 1},and 1 <e” < ¢, we have;” < n.

PrOOF OF CLAIM 3. We will first show that (i) is true. Let

Jo = max{j €[ 1, m]|there exists a point x(i, h, j, w, e) with h < 0},

and suppose j, > n. Since K(i, k) N U, = Dif h < 0, we have j, > n.

Define U*, z*, e, nf, V¥, m*, {x*} (i=1,...,m¥), U?, a*, €3, n3, B*, ng, nt,
and the labelings K*(i, h), x*(i,h,j,w,e) as U, z, €, n, V, m, {x} (i=
1,2,...,m), U, a, &,m,, B, ny, n, and the labelings K(i, h) and x(i, A, j, w, e), the
only difference being that the points @ = x, and b = x, are replaced by the points
x;, and a respectively and we require moreover that ef <eg,, nf <m,, & <¢,,
n3 <m, and U} C U,. Suppose xt = x; and x. = x, = a, then #,. = £,, {; = #;.
We claim that (i) is true for the new labeling x*(i, h, j, w, €). We will prove an even
stronger statement by showing that if x*(i, h, j, w, e) is a point of the new labeling
with & < 0, thenj < n* <j§.

Suppose this is not the case. Then, as above, there exists a point g, =
x*(i, h, j, w, e) with h < 0 and j > n*. Let b, = x*(i, 0, j§, w, e), where w € {0, 2},
Le. b; is a point in the first component of [v, 5]\NUg that intersects U$. Since
Jj§ > n* and a = x, = x} is an endpoint of K, we have b, < K(i, 0). Also, since
a; € K*(i, h) with h < 0, we have a; € K*(i, h) < K*(i, 0) < K(i, 0). Hence by the
definition of K(i, 0), we have [a,, b,] N U, = &. It follows that [a,, b] N U% = &,
contrary to Claim 2 for the new labeling, since n* < min{j, j§}.

We will show next that if (i) holds for the original labeling, then (ii) holds for this
labeling, and if (i) does not hold for the original labeling, then (ii) holds for the new
labeling as defined above.

Suppose first that (i) holds for the original labeling. Let x(i, A, j, w, €) be a point
with 4 < 0; then j < n. Recall that b = x, and s > n. By (15), [v, ] N U, * &.
Hence there exists a point b = x(i, k, s, W, &), with A > 0. By Claim 2, there exists
a point x(i, i, j, w’, e’) between the points b and q = x(i, 0, n, w,, e,), where
w, € {0, 1}, and we may assume that ¢’ is minimal with respect to these properties.
Suppose there exists a point p = x(i, h”, j”, w”, e”) with h” > 0, w” € {0, 1},
Jj” > nand 1 <e” <e¢' Since a = x, is an endpoint of K, we have 2”7 > 0. Hence
by Claim 2, there exists a point x(i, h*, j, w*, e*) between the points p and gq,
contradicting the fact that ¢’ is minimal. This contradiction shows that (ii) holds for
the original labeling.

Suppose next that (i) does not hold for the original labeling. Define a new
labeling as above. Let x*(i, h, j, w, €) be a point with A < 0. It follows from the
above that j < n*. Let p = x*(i, 0, j§, w,, e,) and g = x*(i, h*, n*, w*, e*). Since
J§ > n*,p < g and a is an endpoint of K, we have h* > 0. Hence by Claim 2, there
exists a point x*(i, h’, j, w, ¢’), between the points p and g, and we may assume
that ¢’ is minimal with respect to this property. Suppose there exists a point
y=x*@i,h",j",w", e") with h” > 0, j” > j§ and 1 <e” < €. Then by Claim 2,
there exists a point x*(i, h, j, w, €), contrary to the fact that ¢’ is minimal. This
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contradiction completes the proof of Claim 3. For convenience we will assume that
Claim 3 is true for the original labeling.
Let A; be the set of all points x(i, k, j, w, ) such that either » < 0, or h = 0 and
w € {0, 2}, and let B; be the set of all points x(i, A, j, w, e) with either 4 > 0, or
h =0 and w € {0, 1}. Recall that e € [1, p;] for all points belonging to the set 4;
and e € [1, ¢] for all points belonging to B;, where p;, and ¢; are minimal with
respect to these properties. Let N denote the set of natural numbers. Define
functions f: [1, p] - N and g;: [1, ¢] > N by
f(e) =j, ifx(i,h,j,w,e)€EA,
g(e) =j, if x(i, h,j, w, e) € B,.
It follows from the construction of the labeling that f; and g; are well defined.
CLAM 4. f; and g; are uniform of order n.
Proor oF CLAIM 4. We will verify conditions (1) and (2) of §3. Suppose first that

condition (2) does not hold for some f; i.e. there exists a number ¢ > 0 and
e € [1, p;] such that
fi(e) > fle)=1 ifle—¢|< L

It follows from the definition of the labeling x(i, A, j, w, e), that f(2) < f(1). By
definition of p;, we have f(p,) = 0. Hence we may assume e € [2, p,), and therefore
thate — l,e+ 1 €[l,p) Letf(e— 1) =¢t,fle+ D) =t",a=x(i,,t',w,e —
1), b = x(i, h,j, w, €) and ¢ = x(i, h”, t", w”, e + 1). Then, since ¢, " > ¢t > 0, all
three points a, b and ¢ belong to the same component K(i, h) of [v, v,]\Uj, i.e.
h=h =h". It follows from the definition of e that a > b >c. Let p =
x(i,h —1,0,0,¢) and ¢ = x(i, h,0,0, ¢,), i.e. p,g € Uy and p <c¢, ¢ > a. Let
C(i, 2) be the component of K(i, h) N B(x,, a) that contains the point b. Since
x, > x,, we have by (15) that there exists a component C(i, 1) of K(i, h) N B(x,, a)
such that C(i, 1) N U, # & and p < C(i, 1) < ¢ < C(i, 2). Similarly, there exists a
component C(i, 3) of K(i, k) N B(x,, &) such that C(i, 3) N U, # &, and C(i, 2) <
a < C(i, 3) < q. We conclude that at least three components of K(i, h) N B(x,, a)
intersect U,, contrary to Lemma 5.5.

We will show next that (1) holds for the functions f. Let t > 0,e,e — 1 €1, p;]
and suppose fi(e — 1) < f(e) = t. Let v = x,,,) <+ * < Xp) < Xpyy < Xpg) = X,
be all members of the partition {x;} (i = 1, 2, .. ., m) that belong to the arc [v, x,].
By using (2) of §3 repeatedly, we have 0 = f(e — v) < - - - <f(e — 1) < fe) for
some positive integer v. It follows from (15) and the definition of the function f
that f(e — s) = h(s) (s=0,1,...,u) and u = v. In case e,e + 1 €1, p;] and
f(e + 1) < fi(e), then it follows as above that f(e + s) = h(s) (s =0, 1,..., u).
Similarly, it follows that the function g, satisfies (1) and (2), and the proof of Claim
4 is complete.

CLAM 5. Let a; = x(i, h, p, w, €) and b, = x(i, I, q, W', e + 1) be two points of
[v, 1;] such that one of the following two conditions is satisfied.

(i)h>0orh=0andw €€ {0,1},and " > 0orh’ =0andw’ € {0, 1},

(ii)h<Oorh=0andw € {0,2},and ' <0 or i’ =0 and w € {0, 2}.

Then diam([g;, b,]) < 1,/2. Moreover if two components of K(i, 0) N B(x,, a)
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intersect l7,,, then
diam([ x(i, 0, n, 1, 1), x(i, 0, m, 2, 1)]) <m,/2.
PrOOF OF CLAIM 5. By definition of e and (15), we have

m
[ %> %] N Ul {x (% xq}] =2.
i=
Hence by (9), diam([x,, x,]) < n,/4. We consider three cases as follows.
Case 1.p = q = 0. By (7), (8), (15) and the above we have

[ab b:] C B(V’ B) C B(O,B + "l|/5) C B(O’ "71/4)
Hence diam((q;, b)) < n,/2.

Case 2. Either p = 0 or ¢ = 0. We may assume p = 0 and g # 0. Then by (7),
(8), (15) and the above,

[@,b] C V U B(x,, a) C B(v,n,/5) U B(x,, a)
and hence by (11),
diam([ a;, b,]) < 27,/5+ a <m,/2.
Case 3. p, ¢ > 0. Then by (7), (8), (15) and the above,
[a,5] C B([xp, x]s B) U B(x,, @) U B(x,, a)
and hence by (11), (13) and the definition of 8,
diam([ x,, x,]) <m, /4 + 2B+ a + a <3a + 1,/4 <n,/2.

The proof that diam([x(i, 0, n, 1, 1), x(i, 0, n, 2, 1)]) <m,/3, being a duplicate of
Case 3, is omitted, and the proof of Claim 5 is complete.

Since {v} X I is a locally connected continuum and the mapping H|{v} X I is
continuous, we have that H({v} X I) is locally connected. Hence there exists an
index n, such that

(17) x(i,0,¢,2,e) & H{v} X I) fori > n,.

Recall that z = x, and a = x,. As H(X X {1}) is one point, there exists an index
ny > n, such that

(18) x(i,0,¢,2,e) & H(X X {1}) fori > n,.

Let z, = x(n5,0, ¢, 2,5), 2z, = x(n3,0,¢, 1,5), a, = x(n3,0,n,w, 1) and a, =
x(ny, 0, n, w', 1), where w € {0, 2} and w’ € {0, 1}. From here on we will take
i = ny, and we omit the subscript i if no confusion is possible. In particular, f, = f,
8, =8 A,,=A4,B, =B and x(ny, h, j, w, €) = x(h, j, w, e).

Let C be the component of H ~!(z,) N [v, a;] X I that contains the point (z,, 0).
By (17) and (18),

A9 C N[} X Hu (X X {1)]=2.

CLaM 6. C N ({a,} X I) * &.

PrROOF OF CLAIM 6. Suppose Claim 6 is false; then by (19),

QO CnNn{v}xTulvalx{l}u{a}XxI]l=0.

Since X is hereditarily unicoherent, we have
(21) each arc joining the points v and a, contains the point z,.
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Condition (20) is a replica of condition (8) in [9], where g,, B, and g; are replaced
by v, [v,4,] and a,, respectively. In exactly the same way as (8) led to a
contradiction with (5), now (20) leads to a contradiction with (21). This contradic-
tion completes the proof of Claim 6.

Hence C N ({a,} X I) # &. Let (a,, t*) be a point of C N ({a,} X I). Put
v, = x(h, j, w, e) if x(h,j,w,e) €A (e=1,2,...,p). Then by Claim §, |y, —
Yes+1l <m/2, and by definition, y, = a,, y, = v and z, = y, for some u € (1, p).
Hence (y,, 0) and (y,, t*) are two points of C N [y, ,] X 1.

Hence by Corollary 4.2, there exists a finite set R = [l,r], a function F:
R -1, p] and a sequence {#,} (k = 1,2, ..., r) of points in I such that

Q) F(1)=1,t; = t*, F(r) = uand t, = 0, and (ypyy %) € C foreach k € R,

(23) |F(k + 1) — F(k)| < 1foreachk € [1,r — 1],

(24) for each k, 1 < k < r — 1, at least one of the following two is satisfied.

(i) F(k) = F(k + 1) and |t, — feyy| <m/2,

(ii) there exists a subcontinuum C, of C such that d(C,, (Vgxy ) <m,/2 for
each t € [¢, 1, ,,]

Moreover we may assume
(25) F(k) > 2 foreach k € [2, r].
Let

q* = max{e €[ 1, q]| if & €E[2, ], then g(e) <n},

* =[1, ¢*] and g* = g|Q*. Recall that z, = x(0, ¢, 1, 5) and hence g(s) = c. By
Claim 3, s € Q*.

CLAM 7. The functions f: P —> N, g*: Q* > N and F: R— P, and the point
s € Q* satisfy all conditions of Lemma 3.1.

PRrOOF OF CLAIM 7. We will verify conditions (4)—(9) of Lemma 3.1.

4y f(1) = g*(1) = n by the definition of f and g*, respectively. By Claim 3,
fle) <n—1if e € P\{1} and by the definition of ¢g* g*(e) <n—1if e €
o*\{1}.

(57 By (22), F(1) =1, and by (25) and Claim 3, fo F(k) <n — 1 for each
k € [2, r]. Since z, = x(0, c, 2, u) = y,, we have f o F(r) = ¢ = g*(s).

(6) follows from (23).

(7) By Claim 4, f and g are uniform of order n. By the definition of ¢*, we have
if g* + 1 € Q, then g(g* + 1) > g(g*). Hence f and g* are uniform of order n.

(8) follows from Claim 2 and the definitions of f and g*.

(9 We will verify (3)(i)—(3)(iii) of the definition of symmetry in §3. Let {(¢,, k,)}
(v=0,...,y) be the local maxima sequence of f° F and {a,} (w=
0, 1, ..., k(n)) the sequence associated with the number n. By (7) we have,

Q6 f(1+w)=a,=g*(1+w)andagy,>a,> - -+ >aq =0
Choose v € [—1, y)]. By (ii) of Claim 3, there exists j € Q* such that g*(j) = ¢,. If
v=— l,putj, = L.Ifv # — 1,letj, = min{j € Q* g*(J) = ¢4,}. Then,

(i) g*(J,) = t,. Suppose j € (s, j,) and g*(j) > t,. Then by (26) and the definition
of ¢, there exists j' € (s,j,) such that g*(j) =0. Hence by (8)' there exists
J” € (s, j,) such that g*(j”) = ¢,, contrary to the definition of j,.
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(ii) Choose k € (k,, r). It follows from the definition of k,, that f o F(k) < ¢,. By
(ii) of Claim 3, there exists j € Q* such that g*(j) = f  F(k). Let j* = min{j €
0*|g*(j) = f o F(k)}. Suppose j € (j*, s); then as above, or, by using (26), g*(/)
<t,

(iii) Choose j € (j,, s). If g*(j) = a,, for some w € [0, k(n)], then (iii) follows
from (26). If g*(j) # a, for each w € [0, k(n)], then (iii) follows from (8)" and the
proof of Claim 7 is complete.

Hence, by Lemma 3.1, there exists a finite set L = [1,/] and functions G;:
L — R and G,: L — Q* such that

@D G()=G() =1, G(l)=r, G(I)=s and fo F o G(m) = g* ° Gy(m)
foreachm € L,

(28) |Gy(m + 1) — Gy(m)| < 1 and |Gy(m + 1) — Gy(m)| < 1 for each m €1,/
- 1]

Let §: L > L be given by I(m) =17+ 1— m, ie. | is an order reversing
function. Define functions ®: L - X and ¥: L > X by ®(m) =
x(h, j, w, F o G, o 1(m)), where h <0 or h=0 and w € {0,2} and ¥(m) =
x(h, j, w, G, ° 1(m)), where h >0 or h =0 and w € {0, 1}, respectively (m =
L,2,...,05j=g*%°G,° I(m)).

CrLamm 8. The numbers ¢, 1, together with the points z,,z, € X and the
functions ® and ¥ of L into X satisfy all the conditions of Lemma 5.6, where C is
the component of H ~!(z,) N [v, a,] X I containing the point (z,, 0).

PrOOF OF CLAIM 8. We will verify conditions (16)—(21) of Lemma 5.6.

(16)’ follows from the definition of 7,.

(17) follows from (4) and (15).

(18) Since f o F o G, ° f(m) = g* ° G, ° 1(m) for each m € L, we have ®(m),
¥(m) € U, c B(x;, 3a) and (18) follows from (11).

(19) follows from (28) and Claim 5.

(20)’ By (22), (23), (24) and (28), the sequence {/; ,y,m) and the function ®
satisfy (i)—(iii).

(1Y H(¥(1), 15, , yay) = H(z,, 0) = (2, 0) € W by the definition of ¥, (22), (27)
and the definition of W.

Hence, by Lemma 5.6, H(¥(/), t5, . yq)) = H(ay, 1*) € W, H(a,, t*) = z,. Since
z, and z, are ¢,-related (cf. (15), §4.1), we have diam(H([a,, a,] X {£*})) > ¢,. By
Claim 5, diam((a,, a,]) < 7,/2, and hence diam(H([a,, a,] X {t*})) <¢,. This con-
tradiction completes the proof of Theorem 6.1.

The following theorem gives a solution to problem 786 raised in [3].

6.2. THEOREM. Let X be a contractible fan; then X is embeddable in the plane.

PrOOF. By Theorem 6.1, X is locally connected at the vertex v of X. Hence by
Theorem 5.2 of [10], X is embeddable in the plane.
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